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ABSTRACT 

To solve the electromagnetic problems of induction heating, there are two main types of 

solutions. Analytical solution which is limited to one dimensional problems of axially 

symmetric shapes, and numerical methods which are associated with the advent of digital 

computers and they can be developed in two dimensions. The finite element method FEM 

 is one numerical methods to give an accurate solution to the given problem. 

The objective of paper is to present a normalized solution to reduce the complex 

calculations efforts with acceptable accuracy and present the results in a general form to 

be a suitable for more than one particular configuration. 
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 انخلاصت

’ وجذ طشَمتبن سئُسُتبن ثنغشض حم انمسبئم انكهشومغىبطُسُت نمىظىمبث انتسخُه انحثٍ ، 

 ةقٌانطش ’انتحهُهت متمثهت  بطشَمت انذائشة انمكبفئت وهٍ تطبك عهً مسبئم راث انبعذ انىاحذ  ةقٌانطش

مه اهم  ةطشَمت انعىبصش انمىتهُت واحذ’  انعذدَت انتٍ مه انممكه تطبُمهب عهً مسبئم راث انبعذَه

 .انطشق انعذدَت انتٍ تعطً حم دلُك ومفصم نحم انمشكهت 

مه اجم حم انمسبئم انكهشومغىبطُسُت هى اَجبد طشَمت سههت وسشَعت وعبمت انغشض مه انبحج 

ل ولذ تم اختببس هزا انح’ هزا انحم تم تمذَمه بصُغت مىحىُبث عبمت ’ نمىظىمبث انتسخُه انحثٍ 

 بممبسوته مع وتبئج نبحىث اخشي
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Introduction 

Power distribution in an inductively 

heated load is very important for the 

design of induction heating work coil. 

The analysis of cylindrical workpieces is 

relatively straight  forward, because they 

are treated as one-dimensional problem 

[1]. Serious complexity involves only 

when dealing with rectangular 

workpieces which must be analyzed as 

two-dimensional problem. The 

application of numerical methods is the 

only way to solve such problem, there 

were some attempts to generalize 

solutions obtained by numerical 

techniques, they adapted a finite 

difference scheme to construct a loss 

chart, to calculate the power in a thick 

steel plates heated from two sides[2]  . 

The main objective of this paper is to 

present a general solution for inductively 

heated rectangular work pieces by used 

finite element method, such solution has 

been given in such a form that it can be 

used to predict the induction heating 

system behavior. 

 

Finite element method  

The finite element method (FEM) is a 

numerical technique for solving 

problems which are described by partial 

differential equations or can be 

formulated as functional minimization. 

A domain of interest is represented as an 

assembly of finite elements. 

Approximating functions in finite 

elements are deter- mined in terms of 

nodal values of a physical field which is 

sought. A continuous physical problem 

is transformed into a discretized finite 

element problem with unknown nodal 

values. For a linear problem a system of 

linear algebraic equations should be 

solved. Values inside finite elements can 

be recovered using nodal values. Two 

features of the FEM are worth to be 

mentioned [3]:                                           

  1) Piece-wise approximation of 

physical fields on finite elements 

provides good precision even with 

simple approximating functions 

(increasing the number of elements we 

can achieve any precision).                    
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2) Locality of approximation leads to 

sparse equation systems for a discretized 

problem.  

System Analysis 

Variational Finite Element Method 

(FEM) is used in the analysis of 

induction heating system with Quasi-

static magnetic field for the 

configuration  as shown in fig (1) along 

rectangular workpiece (W.P) is 

positioned inside the heating coil, 

magmatic field (H) arises on the surface 

of workpiece . 

A thermal insulation and an air gap 

separate the coil from the workpiece, the 

system is assumed linear, isotropic and 

homogeneous with sinusoidal driving 

current. 

The governing equation  in two 

dimensional (x,y) plane may be written 

as [4] 

1

𝜇
 
𝜕2𝐴

𝜕𝑥2
−
𝜕2𝐴

𝜕𝑦2 − Јωσ𝐴 = −Ј°               (1) 

Where 

𝜇   W.p material permeability H/m. 

𝜎   W.p material conductivity s/m . 

Ј̥    heating coil current density A/𝑚2. 

Α is the magnetic vector potential wb/m. 

An element function must be defined in 

terms of A at the vertices of triangular 

element as shown in fiq.2 

From energy balance criterion, it is 

found the instantaneous energy supplied 

by the source must be equal to the 

instantaneous  energy stored in the 

system enclosed by volume(v). 

The energy functional of the system 

which must be minimized is given by [5] 

 

   0.5[
1

 𝜇

 

𝑣

 ∇𝐴2 + Ј𝜔𝜎 𝐴2] 𝑑𝑣

−  Ј    𝐴 𝑑𝑣              (2)
𝑣

 

 

An approximate numerical solution to 

equation (2), the total energy functional 

of the system is obtained by collecting 

𝐺𝜃  over the total number of element such 

that: 

𝐺 =  𝐺𝜃                                           (3) 
𝑛

𝜃=0
 

Where n is the total number of finite 

elements. 

An approximate numerical solution to 

the system equation (1) is obtained by 

differentiating equation (3) with respect 

to 𝐴𝑖
∗  for all nodes and equating the 

derivative to zero, for an Individual node 

1 we have :- 

𝜕𝐺𝜃
𝜕𝐴𝑖

∗ =   𝑆𝑖𝑗

3

Ј=1

 𝐴𝑗 − 𝑇𝑖                                  (4) 

But since the node is common to a 

certain number of elements(say M 

element) Then 
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𝜕𝐺𝜃
𝜕𝐴𝑖

∗

𝑀

𝜃=1

    = 0                                         (5) 

The assembly of overall stiffness matrix 

is based on the compatibility of element 

nodes which means that the nodes when 

elements are connected the value of 

unknown nodel variable unity is the 

same for all elements sharing that node, 

the consequence of the rule is the basis 

for the assembly process[6] 

By collecting all equation from (4) and 

summing the corresponding equations as 

in (5) the system matrix equation will   

be :- 

[𝑆]  𝐴 =  𝑇                                   (6) 

Where 

[S] is the stiffness matrix (nxn). 

[A] is the unknown nodal magnatic 

vector potentials (1xn). 

[S]  is the force vector and take values 

for the coil sub-regions only (1xn) 

The surface power density (SPD) can be 

calculated  from the magnetic field 

intensity (H) . The average power (PAV) 

supplied to the W.P is [7] 

 

𝐻𝑋 =
1

𝜇
 
𝜕𝐴

𝜕𝑦
                                        (7𝑎)   

𝐻𝑦 =  −  
1

𝜇
  
𝜕𝐴

𝜕𝑥
                               (7𝑏)   

PAV = − Re[  0.5   E ∗ H∗   u ds    ( 7c)  

Where : 

u is a unit vector  

for sinusoidal operation the electric field 

E is given by: 

𝐸 = −
𝑑𝐴

𝑑𝑡
= −𝑗𝑤𝐴                                (8)     

From equation (7) and (8) 

SPD = Real[0.5  jwAH∗]                    (9)       

Normalization Procedure : 

The suggested normalization 

procedures can be summarized as 

follows[8]: 

1. The variables 𝜔 and σ in equation (1) 

can be replaced with one variable ζ , 

which incorporates the effect of both 

variables such as: 

ζ= 𝜔 ∗ σ                                             (10)   

ζ  can be maintained constant by 

changing  𝜔 and σ simultaneously . 

1. The peak value of current density Jₒ 

in equation (1) may be taken as unity 

because, generally, the absolute value of 

current density is not as important as the 

value relative to that at the surface. 

2. Assuming the half width of work 

piece in the x-axis is X and in the y-axis 

Y, Taking x as any point along the work 
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piece x-axis and y as any point along the 

work piece y-axis, also let: 

                                                                                                     

 𝑿 =  x/Χ                                           (11a) 

𝒀  =  y/Y                                         ( 11b) 

𝑿   and 𝒀  take values between 0 and 1 . 

Let 

Y=λ*Χ                                             (12)                       

Where 

λ  : is constant to be called shape factor 

(0 < λ ≤ 1) 

For λ =1 the W.P takes a square shape 

(Χ = Y) and for λ <1 the W.P takes a 

rectangular shape. 

By Substituting equations 

(6),(10),(11a),(11b) and (12) into 

equation (1) the system governing 

equation in two dimensional form will 

be: 

1

𝜇
 
𝜕2𝐴

𝜕𝑿 2 −
𝜕2𝐴

𝛌2𝜕𝒀 2 − Ј𝜻 𝒙𝟐𝐴 = −𝒙𝟐Ј°       (13)                                                         

The right hand side of equation (13) 

represent the peak value of heating coil 

current density, which is  taken as unity. 

Let : 

𝜏 = 𝜁 ∗ 𝑥2                                             (14) 

 𝜂 = 𝜏 ∗ 10−7                                      (15) 

The quantity 10−7  in equation (15) is a 

scaling factor only, Substituting 

equations (14) and (15)  in equation (13) 

results: 

−1

𝜇
 
𝜕2𝐴

𝜕𝑿 2 +
𝜕2𝐴

𝛌2𝜕𝒀 2 + 𝑗𝜂𝐴 = 1             (16)                                                                     

The parameters determine the induction 

heating system(IHS) behavior governed 

by equation (16) are  𝜂 , λ and 𝝁   . The  

parameter 𝝁   can be replaced with  𝜇𝑟  as 

𝜇∘ is constant . hence, a family of curves 

can be plotted for different values of  𝜂 , 

λ and 𝜇𝑟   . These curves can be used to 

determine the behavior of (IHS) 

following all assumptions made 

previously. 

The results 

The work was tested by considering the 

same data used in reference [9] and 

listed in Table (1). The result show that 

when plotting the magnetic field strength 

along W.P mid –plane axis ,for different 

.  𝜇𝑟  (maintaining other parameters 

constants) as shown in fig.(3) there is a 

significant changes in results for . 𝜇𝑟  lies 

between 1 and 5 . When .  𝜇𝑟  changed 

beyond 5 . There is no observable effect. 

Numerical results show that changing 

 𝜇𝑟  from 1 to 2 , the normalized mid – 
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plane magnetic field strength reduced by 

37%  with respect to that at surface 

while when  𝜇𝑟  changed from 4 to 5 this 

field changed by 7% only. 

When plotting the magnetic field 

strength for different values of η 

(maintaining    𝜇𝑟  and λ constant) there 

is a range for η values at which the field 

distribution is very sensitive and the 

programs develop the same results for η 

less than 0.1 and more than 1000 . The 

interpretation of this, is that the depth of  

penetration 𝛿  has the same response for 

changing  𝜇𝑟 , 𝜔 and 𝜎 . 

Curves for different η and  𝜇𝑟  are shown  

in figs. 4 to 13 when shape factor λ equal 

to 0.3 . Using the same principles , other 

curves for different values of  λ can be 

determined. 

The Use of Normalized Curves 

The use of the normalized curves is 

very straight forward. To clarify the 

extraction of the required information 

from such curves As an example, 

consider the same data used [10].which 

listed in the table (2) and making use of 

equations(7) to (13) the values of λ is 

0.309  and η is 70.14 . 

The normalized figure corresponding to 

the values of λ and  𝝁𝒓 is fig .4. Results 

obtained are plotted in Fig.14 and 

compared with those obtained by [10]. 

The correlation between the two results 

is very good and the maximum deviation 

is about 6% 

Conclusion 

Designers and users of 

induction heating devices need a 

technique which provide a quick 

study of induction heating system 

behavior. This technique should be 

applied to a wide variety of problems 

.In this paper a family’s of curve has 

been presented to give a quick study 

of the influence of various parameter 

on system performance and 

determining the best combination to 

be used in practical design problem. 

results are verified and design 

example for the use of the curves are 

presented   
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W.P relative permeability 1 

W.P conductivity 3.7 ∗ 10−7 S/m 

Frequency variable 

Coil length 0.32 m 

W.P length 0.32 m 

  

 Table .1 Data used by [9] 

W.P half width 0.1737 m 

W.P half height 0.0538 m 

W.P conductivity 3.7 ∗ 10−7 S/m 

Frequency 400 Hz 

W.P relative permeability 1 

  

 Table .2 Data used by [10] 

 

 

 

 

fig .1 Basic induction heating system                          fig.2   Typical element 
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Fig.3  The distribution of normalization H for typical W.P (𝜇𝑟  varies from 1 to 10) 

 
 

Fig.4 The normalized H distribution                       Fig.5 The normalized SPD distribution 

                                                 for 𝜇𝑟=1,λ=0.3 for 𝜇𝑟=1, λ=0.3 
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Fig.6 The normalized H distribution                     Fig.7 The normalized SPD distribution   

                                        for 𝜇𝑟=2,λ=0.3                                   for 𝜇𝑟=2, λ=0.3 

 

Fig.8 The normalized H distribution                     Fig.9 The normalized SPD distribution   

                                              for 𝜇𝑟=3,λ=0.3                                      for 𝜇𝑟=3, λ=0.3 
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Fig.10 The normalized H distribution                   Fig.11 The normalized SPD distribution 

                                        for 𝜇𝑟=4,λ=0.3                                  for 𝜇𝑟=4, λ=0.3 

 

Fig.12 The normalized H distribution                   Fig.13 The normalized SPD distribution 

                     for 𝜇𝑟=5,λ=0.3                                for 𝜇𝑟=5,λ=0.3 
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Fig14. The distribution of normalization H compared with that obtained for normalized 

curves 
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